Excitations of ordered insulating magnets gain renewed interest due to their potential topological properties and the natural realization of magnetic analogues of the celebrated topological models. In this paper we go beyond these parallels and explore what else is there in the unconventional excitations of quantum magnets. We study the topologically nontrivial multiplet excitations of the antiferromagnetic spin-1/2 kagomé system with strong breathing anisotropy and DzyaloshinskiiMoriya interaction. We show that in the chiral magnetic ground state the excitations can be characterized by a spin-1/2 doublet and a spin-3/2 quartet. With the use of magnetic field we can tune the quartet through a band touching topological phase transition, when a novel spin-3/2 Dirac cone is formed by the touching of four bands. In the topologically nontrivial regime the spin-3/2 bands have large Chern numbers −3, −1, 1, 3. In an open system the emerging chiral edge states naturally inherit the multipolar characters and we find novel quadrupolar edge modes.
Since the discovery of quantum Hall effect the concept of topology has rapidly spread from electronic systems to a wider scope including bosonic excitations. In addition to the Hall effect of photonic crystals [1] [2] [3] [4] [5] [6] , phonon modes [7] [8] [9] and skyrmion textures [10] [11] [12] , the topological aspect of magnetic excitations in insulating quantum magnets continues to attain growing interest. The topological Haldane model realized naturally in the magnon spectrum of iron-based honeycomb insulators 13 and the Weyl magnons emerging in breathing pyrochlore lattice 14 illustrate well the advances of magnetic analogues of topological electron bands. A great advantage, beside the natural realization of these modes in the magnon spectrum of ordered magnets, is their easy access and control by magnetic field.
Here we propose, that the unconventional excitations of simple ordered quantum magnets can not only hold similar properties to the topological electron bands, but can offer a new playground for novel multipolar topological bands arising naturally as a consequence of quantum mechanical entanglement between magnetic degrees of freedom.
Theoretical prediction of the Hall effect of topologically nontrivial triplet excitations 15, 16 and the experimental observation of topologically protected chiral edge modes in the orthogonal dimer system, SrCu 2 (BO 3 ) 2 17 opened a route to generalization of topological magnons. Expanding this idea, we propose that two-dimensional quantum magnets with breathing anisotropy can exhibit topologically nontrivial multiplet excitations similar to the triplets observed in SrCu 2 (BO 3 ) 2 . Considering a cluster of spins, the local Hilbert space is enlarged, naturally encompassing higher multipole degrees of freedom. A plaquette of three S = 1/2 quantum spins, for example, gives room for an effective spin-3/2 quartet, the next multiplet after the spin-1 triplet of the dimerized system.
We study the breathing kagomé lattice with S = 1/2 spins in the framework of weakly interacting trimers.
Keeping these triangular building blocks entangled, the excitation spectrum naturally includes propagating multiplets.We show that the S = 3/2 quartet excitations have nontrivial topology, and due to their multiplet nature, large Chern numbers and corresponding multipolar edge states. 
II. RESULTS

A. Model Hamiltonian
We consider the trimerized antiferromagnetic kagomé model with intra-trimer Dzyaloshinskii-Moriya (DM) anisotropy and magnetic field perpendicular to the lattice plane. Fig 1 illustrates the breathing kagomé lattice together with the magnetic and coinciding crystallographic unit cell. The Hamiltonian is given by Eq. 1.
B. Ground state and the gapless excitation
As a first step we construct an appropriate basis for the weakly interacting trimers. A natural starting point is to diagonalize the eight-dimensional local Hilbert space of a single triangle. The SU(2) symmetry splits this basis into two four-dimensional subspaces as D
. Therefore, when spin rotational symmetry is preserved, and in case of antiferromagnetic exchange, the spectrum of a single triangle consists of two low-lying spin-1/2 doublets and a high-energy spin-3/2 quartet. The intra-trimer DM interaction is, in fact, the vector chirality of the three spins forming a trimer. Taking the z-component of DM into account, the spin rotation symmetry is broken down to U(1), and the low-lying doublets split as D selects a specific chirality. The non-chiral S = In the following, we fix the sign of D to be negative. The spectrum of the isolated triangles can be divided into three parts: A large gap (∼ .
The parameter ϑ determines how much the spins are tilting out of the plane towards the magnetic field. When the field is zero, ϑ = π 4 , and the ± 1 2 states mix equally to form a planar 120
• -type of order. A finite magnetic field cants the spins uniformly out of the plane and a chiral magnetic 'umbrella' state is realized as the ground state. Let us note that the ground state is not the classical planar or canted 120
• state. The trimers are entangled which is manifested in the shorter spin length;
with n = 1, 2, 3 denoting the sites of the triangle and the operator R z (α) corresponding to a real α-rotation about the z-axis. The spin expectation value for the orthogonal all-in state differs only in sign. We note that J couples the lowest all-in all-out subspace to the states |3/2, ±3/2, 0 , too. However, the mixing with the 3/2 multiplet is second order in J /J and negligible compared to the mixing within the spin-half subspace. This is not surprising considering the energy gap separating the spin-3/2 and 1/2 multiplets. At a trimer-product level, the ground state is the realization of on each strong triangle of the breathing lattice. We project the full Hamiltonian 1 onto the lowest-lying subspace, and treat and as the components of a pseudo-spin. Using conventional linear spin wave theory, we calculate the lowest excitation which can be imagined as 'flipping' a pseudo-spin, i.e. removing a state j and creating j . Such a local excitation can propagate over the lattice via J to lower the kinetic energy. We introduce a boson for this excitation:
, where the vacuum state, |0 , corresponds to the condensation of . The spin wave Hamiltonian has the following form
Topological bands of the doublet subspace. The lowest, topologically trivial mode corresponding to the propagation of and given by ω k of Eq. 6 is displayed in gray color. (a) At h pl < h z < 0 fields the doublet excitations are non-degenerate and the Chern number is well defined taking the values −1, 1. The pseudo magnetic field d k forms a skyrmion in the hexagonal BZ as illustrated above the dispersions. Drawing these vectors in a common origin, they map out a surface plotted next to the bands. For better visualization we cut these surfaces in half, so that one can see inside. When the origin is enclosed in the surface, the topology of the doublet is non-trivial. ens quadratically at the K/K point of the Brillouin zone (BZ) and a symmetry breaking phase transition takes place from the chiral state into a gapped uniform 1/3-plateau phase above h pl . The plateau phase is characterized by ϑ = 0, S j = 0, 0, 
C. Topology of multiplet excitations
The remaining six orthogonal states; the doublet with negative chirality, | 
where B mm (k) and C mm (k) are 2S +1-dimensional matrices with S = 1/2 and 3/2, respectively. We can rewrite the hopping matrices in the convenient form
where 1 n is an n-dimensional unit matrix, ∆ (S) k is a shift in the energy corresponding to the gap and d (S) k is a pseudo magnetic field that induces a Zeeman-like splitting of the S multiplets. For the S = 1/2 subspace, the vector s simply contains the three Pauli matrices, 1 2 σ, while for the quartet, S corresponds to the x, y, zcomponents of a spin-3/2 quantum spin.
In case of the doublet, obtaining the simple form of ∆
· s is obvious, as the operator space of a quantum spin-1/2 is four-dimensional, and s together with 1 2 form a basis for it.
This argument breaks down in case of the quartet, as the operator space is 16-dimensional, including seven octupole and five quadrupole operators beside the spin components, S and the identity operator, 1 4 which contribute to the dynamics of the quartet. The reason is that the original Hamiltonian 1 contains only spin-spin interactions, and higher order, quadrupole-quadrupole or octupole-octupole terms are not present. Naturally, both s and S satisfy SU(2) algebra. Therefore, we can think about the multiplets as a spin-S object in momentum space that is coupled to the pseudo magnetic field d We can use the magnetic field as tuning parameter to change the topological properties of the bands. At zero field, both d
vanish at the γ point, and the bands touch in both the spin-1/2 and spin-3/2 subspaces. Switching on a tiny magnetic field the bands acquire topologically nontrivial characters without changing the chiral magnetic ground state as long as h z < h pl .
We can formulate the topological properties using geometry. Drawing the d (S) k vectors in a common origin, they map out a two-dimensional surface. When the origin, a monopole for Berry phase, is enclosed in the surface, the bands are topologically nontrivial, and when it is outside of the surface they are trivial. If d (S) k = 0 at a given point in the BZ, the origin is a point of the surface and the multiplet excitations are degenerate.
The Dirac-like physics of the lower doublet excitations is shown in Fig. 2 . The dispersion of the spin-1/2 bands, ω 
The translations δ n , (n = 1, 2, 3) take the previously defined values, and the corresponding phases α 1 = 0, α 2 = − 2π 3 and α 3 = 2π 3 reflect the Kitaev-type directional dependence of the effective inter-trimer interaction also discussed in Ref. 18 . We recall that ϕ = −5π/6.
To see whether there is a topological transition in the doublet bands via closing and reopening the gap, we need to solve d . Therefore, at h c , a band touching topological transition would occur at the K/K points. However, h c is larger than h plat , therefore the spin-1/2 multiplet remains topologically nontrivial all the way to the phase transition into the 1/3-plateau phase.
The high-energy quartet splits too when the magnetic field is finite and the four bands become topologically nontrivial. The surface traced out by d
is similar to what we found for the doublet, but here the orientation is reversed as illustrated with the reversed colors in Fig. 3 . The extent of this surface is smaller. Consequently, the band touching topological transition occurs at lower magnetic fields, before the phases transition to the 1/3-plateau phase. The explicit forms of d
with similar Kitaev-type directional dependent hopping than in the case of the lower doublet subspace. Solving d
at which the topologically nontrivial bands form a novel spin-3/2 Dirac cone with four bands touching at the K/K point in the BZ as shown in Fig. 3 (c) . Above h 
D. Multipolar edge states
The topological nature of bands can be shown through the appearance of edge states in an open system. As an example, we take periodic boundaries along the xdirection and open boundaries in the y-direction. The multiplet bands for this mixed boundary configuration are plotted in Fig. 4 and 5 together with the recovered bulk bands indicated with colored regions.
In the stripe geometry, we find edge states in the bulk gap connecting the topologically nontrivial bands. To illustrate that these in-gap states are localized on the edges, we plot their exponential decay into the bulk in Fig. 4(b) for the doublet. In this case, there are two edge modes; one on each side of the sample, carrying only dipolar degrees of freedom, permitted for a S = 1/2.
The case of quartet multiplet is more interesting. The local Hilbert space of a spin S = 3/2 allows for higher order multiplets, such as quadrupole and octupole degrees of freedom. Thus, these multipole characters are naturally present in the quartet bands, promoting fundamentally new protected edge modes. In Fig. 5(b) we plotted the representation of spin-component distribution for two given edge states indicated by the points L and R in Fig. 5(a) . The spin coherent state for a spin-S can be written as
and the spin-component distribution of state |Ψ corresponds to the amplitude | Ω|Ψ | 2 . In the stripe geometry the basis corresponds to (Ψ 1,kx , Ψ 2,kx , . . . , Ψ w,kx ), where w is the finite width in y-direction. The Ψ j,kx represents a state in the four dimensional local Hilbert space of the jth spin-3/2. In Fig. 5 To be able to see them we flatten the bands by continuously changing the model's parameters so that the topology is not affected as shown in panel (c). We count 3, 4 and 3 modes on each sides of the system in the three gaps separating the Chern bands.
ing in the quartet sub-space we smoothened the bands by changing parameters in the model in a way that the topology is not altered. When the bands are not covering each other, as shown in Fig. 5(c) , we can count the edge states. In the three gaps separating the four bands we find 3, 4 and 3 edge state on the left side with negative velocities and the same number of edge states on the right side with positive velocities, in agreement with the Chern numbers, -3,-1,1 and 3.
III. DISCUSSION
In summary, we studied a relevant spin model of the trimerized kagomé lattice taking the entangled trimers as building units. The larger local Hilbert space characterizing the trimers naturally allows for multiplet excitations. As a result, an effective spin-1/2 and spin-3/2 band is formed above the gapless magnon mode.
In the chiral magnetic state a small magnetic field removes the degeneracy of the multiplets and the excitations become topologically nontrivial with Chern numbers C m = 2m. Increasing the magnetic field, the bands of the quartet undergo a topological transition when a novel spin-3/2 Dirac cone is formed by the touching of four bands. Above the critical field the bands become trivial. Before a similar topological transition occurred for the lower spin-1/2 doublet, at a higher magnetic field value, a conventional symmetry breaking transition takes place to the 1/3-plateau phase, in which all bands are topologically trivial.
The spin-1/2 doublet carries only dipolar degrees of freedom, providing an analogue to the electronic systems. The spin-3/2 quartet, on the other hand, encompass higher multipolar characters which in the topologically nontrivial regime is manifested in novel multipolar edge states. Topologically robust edge states traveling unimpeded at the boundaries are appealing for lowenergy consuming fast spintronical devices. Multipolar edge states, put forward here, may be the stepping stone for new directions in these endeavors. A quadrupolar edge mode, for example, can couple to electric field and open a new route towards electric access and control of edge states emerging in the excitation spectrum of magnetic insulators.
We expect that multipolar topological edge modes are present in a broad family of two-dimensional insulating quantum magnets, where the magnetic units are formed by larger spins, or entangled dimers or plaquettes. When the propagating spin-S excitations acquire nontrivial topology, due to their multiplet properties, they exhibit novel spin-S Dirac cones and large −2S, . . . , 2S Chern numbers. Correspondingly, in open systems, chiral edge states emerge with inherent multipolar characters.
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The author contributed to all aspects of this work. . This basis diagonalizes the intra-trimer part, and one of the four states, S = We collected the multiplet basis that diagonalizes the intra-trimer Hamiltonian in Table S .I. For finite magnetic field and DM interaction all degeneracy is lifted, and the ground state of the strong triangle is uniquely determined by the signs of the field h z and D. We choose D < 0 that favors the states with positive z-component of vector chirality. When the magnetic field is zero the lowest state of the trimer plaquette is two-fold degenerate; S = n bond δ n α n
